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@ You do not know the exact value of items ...

@ ... but can be objectivly determined (by a measurement, an expert
a catalogue, ... )

You offer to your Customer a collection of items for a certain price.
Customer claims it is too high and wants to negotiate

If your offer consists of just one item a for a price r,
you make a test (measurement, consultation of an expert, ...):

Is the resulting value v(a) at least as high as the price r ?

YES - you win the negotiation, Customer accepts the price, and
pays for the expenses of the test).
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Scenario | - negotiating price

You need to sell a collections of valuable items (diamonds, drugs,
radioactive material).

You do not know the exact value of items ...

... but can be objectivly determined (by a measurement, an expert
a catalogue, ... )

You offer to your Customer a collection of items for a certain price.
Customer claims it is too high and wants to negotiate

If your offer consists of just one item a for a price r,

you make a test (measurement, consultation of an expert, ...):
Is the resulting value v(a) at least as high as the price r ?

YES - you win the negotiation, Customer accepts the price, and
pays for the expenses of the test).

- you lose, the Customer does not buy anything and you have to
pay for the test.
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Scenario | - negotiating price

The problem is the evaluation of items might be expensive (dangerous,
time consuming, ...) In the case of a collection of items a complete
testing would radically increase the costs of the trade.
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Scenario | - negotiating price

The problem is the evaluation of items might be expensive (dangerous,
time consuming, ...) In the case of a collection of items a complete
testing would radically increase the costs of the trade.

You offer to your customer either to pay for the complete testing (on the
top of the price of the collection) or to agree with a certain procedure of
evaluating collections.

The result of the procedure is a single representative of the collection,
which is to be tested.

We shall call this procedure a negotiation game.
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Scenario | - negotiation game

Sell One
Seller: “You can have the item a for the price r.!
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Scenario | - negotiation game

Sell All
Seller: "You can have the collection C = {a, ...a,} for the total price r.’
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To justify the total price you give the individual prices ry, ..., Iy, SO that

r + ...+ rm > r. (The unequality means the price for the collection is
not only fair, but you might offer a discount. )
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To justify the total price you give the individual prices ry, ..., Iy, SO that
r + ...+ rm > r. (The unequality means the price for the collection is
not only fair, but you might offer a discount. )

Customer picks up one item a; and proceeds to the Test
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(Sell Any)
"You can have any item you choose from ay, ...a, for the price r’

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 6/28



Scenario | - negotiation game

(Sell Any)
"You can have any item you choose from ay, ...a, for the price r’

The Customer picks up an item a; and tests, if it is worth the price r.

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 6/28



Scenario | - negotiation game

(Sell Any)
"You can have any item you choose from ay, ...a, for the price r’

The Customer picks up an item a; and tests, if it is worth the price r.
S : Any(ay, ..., an|r)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 6/28



Scenario | - negotiation game

(Sell Any)
"You can have any item you choose from ay, ...a, for the price r’

The Customer picks up an item a; and tests, if it is worth the price r.
S : Any(ay, ..., an|r)

C : chooses (aj|r)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 6/28



Scenario | - negotiation game

(Sell Any)
"You can have any item you choose from ay, ...a, for the price r’

The Customer picks up an item a; and tests, if it is worth the price r.
S : Any(ay, ..., an|r)

C : chooses (aj|r)
Test(aj, r)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 6/28



Scenario | - negotiation game

(Sell Some)
"You can have some item | choose from ay, ...a, for the price r’.

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 7/28



Scenario | - negotiation game

(Sell Some)
"You can have some item | choose from ay, ...a, for the price r’.

| pick up a sample a; from the collection and we proceed to a test,
showing if it is worth at least the price r.
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Scenario Il - bargaining

Two criminals (Bonnie and Clyde) make their living by rubbing and
stealing money and valuable things.
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To cover their expenses and needs they divide after each night shift
some cash.

They want to do it in a fair way - everybody gets according to one’s
contribution.

They take non-monetary items and divide the cash according to the
value of the item. However - they do not know the exact value.

The situation is similar to that in the previous scenario - the testing of
the real value is not only expensive, but also dangerous (it increases
the chance to get caught).
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Scenario Il - bargaining

Two criminals (Bonnie and Clyde) make their living by rubbing and
stealing money and valuable things.

They work individually, however keep their grab together in order to sell
it easily.

To cover their expenses and needs they divide after each night shift
some cash.

They want to do it in a fair way - everybody gets according to one’s
contribution.

They take non-monetary items and divide the cash according to the
value of the item. However - they do not know the exact value.

The situation is similar to that in the previous scenario - the testing of
the real value is not only expensive, but also dangerous (it increases
the chance to get caught).

So they play bargaining/negotiation games.
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Scenario Il - bargaining game

The first difference from the Scenario | - the price of each game is
limited. Let total amount of cash to be s ).
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keep the rest of cash s — r.* (My contribution is worth at least r)
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Scenario Il - bargaining game

The second difference from the Scenario | - both players can be in the
role of the Customer/Seller.
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Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(a|r) is an offer

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(alr) is an offer
If 01, 0o are offers, then

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(alr) is an offer
If 01, 0o are offers, then
Buy(o1]r)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(alr) is an offer

If 01, 0o are offers, then
Buy(o1]r)

All(oy, 02|r = 11, 12)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(alr) is an offer

If 01, 0o are offers, then
Buy(o1]r)

All(o1,00|r : 11, 12)
Any(o4, 02|r)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(alr) is an offer

If 01, 0o are offers, then
Buy(o4|r)

All(oy, 02|r = 11, 12)
Any(o4, 02|r)
Some(o4, 02|r)

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 11/28



Scenario Il - generalising bargaining game

Players can buy/sell not only items (or collections therof) but also
offers.

Sell(a|r) is an offer

If 01, 0o are offers, then
Buy(o1]r)

All(oy, 02|r = 11, 12)
Any(oy, 02r)
Some(o4, 02|r)

are offers as well.
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Bargaining game and Lukasiewicz logic

Offers of colections correspond to connectives of Lukasiewicz logic.
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Bargaining game and Lukasiewicz logic

Offers of colections correspond to connectives of Lukasiewicz logic.

Let us have a bargaining game with items ay, a», a normalised total
s = 1 and a valuation of items v

and formulas ¢1, ¢ of Lukasiewicz logic, standard set of truth values

[0, 1] and a standard evaluation e, such that ||f;||e = v(ay) and
||f2]|e = v(a2), then
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Bargaining game and Lukasiewicz logic

Offers of colections correspond to connectives of Lukasiewicz logic.

Let us have a bargaining game with items ay, a», a normalised total
s = 1 and a valuation of items v

and formulas ¢1, ¢ of Lukasiewicz logic, standard set of truth values
[0,1] and a standard evaluation e, such that ||fi||e = v(ay) and

1f2lle = v(az), then

the Seller wins the bargaining game All(ay, az|r : 1, r2) iff

1]l @ |2l > r

Analogously
Any(ay, as|r) corresponds to a; A a

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 12/28



Bargaining game and Lukasiewicz logic

Offers of colections correspond to connectives of Lukasiewicz logic.

Let us have a bargaining game with items ay, a», a normalised total
s = 1 and a valuation of items v

and formulas ¢1, ¢ of Lukasiewicz logic, standard set of truth values
[0,1] and a standard evaluation e, such that ||fi||e = v(ay) and

1f2lle = v(az), then

the Seller wins the bargaining game All(ay, az|r : 1, r2) iff

1]l @ |2l > r

Analogously
Any(ay, as|r) corresponds to a; A a
Some(ay, a|r) corresponds to ay V a»
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Bargaining game and Lukasiewicz logic

Offers of colections correspond to connectives of Lukasiewicz logic.

Let us have a bargaining game with items ay, a», a normalised total
s = 1 and a valuation of items v

and formulas ¢1, ¢ of Lukasiewicz logic, standard set of truth values
[0,1] and a standard evaluation e, such that ||fi||e = v(ay) and

1f2lle = v(az), then

the Seller wins the bargaining game All(ay, az|r : 1, r2) iff

1]l @ |2l > r

Analogously

Any(ay, as|r) corresponds to a; A a
Some(ay, a|r) corresponds to ay V a»
Buy(ay, r) corresponds to —ay
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Bargaining game and Lukasiewicz logic

From the rules of the bargaining game we are able to obtain definitions
of the connectives of Lukasiewicz logic.
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Bargaining game and Lukasiewicz logic

From the rules of the bargaining game we are able to obtain definitions

of the connectives of Lukasiewicz logic.

xX@®y min(1,x+y)
XVy max(x,y)

XAy min(x,y)

—X 1—x

x®y max(0,x+y—1)

Ondrej Majer (joint work with Petr Cintula) (A{

strong disjunction
weak disjunction
weak-conjunction
negation

strong conjunction
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Evaluation games
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Evaluation games

Let us have a formula ¢, a model M and an M-evaluation v. The
evaluation game is a game of two players - Eloise and Abelard, Eloise
starts with role of Veryfier and wants to show that |||k, > r. Abelard
as the initial Falsifier wants to deny that. ’
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Evaluation games

Let us have a formula ¢, a model M and an M-evaluation v. The
evaluation game is a game of two players - Eloise and Abelard, Eloise
starts with role of Veryfier and wants to show that |||k, > r. Abelard
as the initial Falsifier wants to deny that. ’

Terminating rules

(at) (v, v,r), where ¢ is an atomic formula: the end of the

game
if [|¢|lm» > r (the current) V wins,
otherwise F wins.
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Evaluation games

Let us have a formula ¢, a model M and an M-evaluation v. The
evaluation game is a game of two players - Eloise and Abelard, Eloise
starts with role of Veryfier and wants to show that |||k, > r. Abelard
as the initial Falsifier wants to deny that. ’

Terminating rules

(at) (v, v,r), where ¢ is an atomic formula: the end of the
game
if [|¢|lm» > r (the current) V wins,
otherwise F wins.
(0) (¢, v,0): the end of the game,
the current V wins.

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 14/28



Evaluation games

Disjunction
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Evaluation games

Disjunction

(@©) (Y1 © o, v,r):
Y chooses r' <r
F chooses whether to play (1, v, r') or (¢o,v,r —1r').
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Evaluation games

Disjunction

(©) (Y1 Do, v, r):

Y chooses r' <r

F chooses whether to play (1, v, r') or (¢o,v,r —1r').
(\/) (¢1 \% w27 v, r):

V chooses whether to play (v, v, r) or (¢, v, r).

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 15/28



Evaluation games

Disjunction

(@©) (Y1 © o, v,r):
Y chooses r' <r
F chooses whether to play (1, v, r') or (¢o,v,r —1r').

(\/) (¢1 \% w27 v, r):
V chooses whether to play (v, v, r) or (¢, v, r).

Conjunction
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Evaluation games

Disjunction

(®) (V1 @, v, r):

V chooses r’ <r

F chooses whether to play (1, v, r') or (¢o,v,r —1r').

(\/) (¢1 \% w27 v, r):
V chooses whether to play (v, v, r) or (¢, v, r).

Conjunction

(@) (V1 @2, v, r):

Y chooses r' <1 — r F chooses whether to play
(Y1, v, r+r'Yyor (Yo, v,r+(1—=r—r").

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009
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Evaluation games

Disjunction
(@©) (Y1 © o, v,r):
Y chooses r' <r
F chooses whether to play (1, v, r') or (¢o,v,r —1r').
(\/) (¢1 \% w27 v, r):
V chooses whether to play (v, v, r) or (¢, v, r).
Conjunction
(®) (1 @2, v, 1):
V chooses r' < 1 — r F chooses whether to play
(Y1, v, r+r'Yyor (Yo, v,r+(1—=r—r").
(A) (1 A, v, r):

F chooses whether to play (¢4, v, r) or (2, v, ).

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 15/28



Evaluation games

Negation

(=) (=, v, 1)
Fchoosesr',r>r >0
role switch, game continues as (¢, v, (1 —r) +1r')
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Evaluation games

Evaluation games

Existential quantifier

Verifier’s choice of an element from the domain of the model
witnessing the claim

1(3x)¢[|v > r, which is equivalent to sup(|[«[|vx) > r

(&) (), v, r):
V chooses a e M
the game continues as (v, v[x : a],r).
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Evaluation games

Existential quantifier

Verifier’s choice of an element from the domain of the model
witnessing the claim

1(3x)¢[|v > r, which is equivalent to sup(|[«[|vx) > r

(&) (), v, r):
V chooses a e M
the game continues as (v, v[x : a],r).

this works if the supremum is witnessed,
if it is proper, i.e., [|¢[|yx.a) < sup(l|¢]lvyx) for all & € M, V never finds
a witness.
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Evaluation games

Existential quantifier(cnt.)
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Evaluation games

Existential quantifier(cnt.)

We still want to make this case a win for V (to keep the
correspondence)
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Evaluation games

Existential quantifier(cnt.)
We still want to make this case a win for V (to keep the

correspondence)
We weaken the rule: V has to provide a witness for any r’ strictly

smaller than r.
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Evaluation games

Existential quantifier(cnt.)

We still want to make this case a win for V (to keep the
correspondence)

We weaken the rule: V has to provide a witness for any r’ strictly
smaller than r.

We let F to decrease Verifier's stake (it is Falsifier’s interest to
decrease it as little as possible) and then V to find a witness in the
domain to meet the weakened condition.
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Evaluation games

Existential quantifier(cnt.)

We still want to make this case a win for V (to keep the
correspondence)

We weaken the rule: V has to provide a witness for any r’ strictly
smaller than r.

We let F to decrease Verifier's stake (it is Falsifier’s interest to
decrease it as little as possible) and then V to find a witness in the
domain to meet the weakened condition.

() ((3FX)Y, v, r):
F chooses r' < r and V chooses a € M,
the game continues as (¢, v[x : a], ).

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 18/28



Evaluation games

General quantifier

The position ((¥x)v, v, r) corresponds to Verifier's claim that
inf([4]lvp) > 7.
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Evaluation games

General quantifier

The position ((¥x)v, v, r) corresponds to Verifier's claim that
inf(ll¢llvpa) > -

F is to move and he has to provide a counterexample, i.e., to find an &
such that (’WHV[X:a’] < r)-
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Evaluation games

General quantifier

The position ((¥x)v, v, r) corresponds to Verifier's claim that
inf(ll¢llvpa) > -

F is to move and he has to provide a counterexample, i.e., to find an &
such that ([|¢|[vix.a] < 1)-

In this case the (non)existence of the witnessing element does not
influence Falsifier’s choice, so the move consists just of a choice.

(V) (vx)¢, v, r):
F chooses ae M
game continues as (¢, v[x : a|, r).

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 19/28



Correspondence theorem

Fuzzy evaluation games are zero-sum games of a finite depth, so by
Zermelo’s theorem they are determined. We can prove the
correspondence between the existence of winning strategies in a fuzzy
game and the standard Tarskian truth.
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Correspondence theorem

Fuzzy evaluation games are zero-sum games of a finite depth, so by
Zermelo’s theorem they are determined. We can prove the
correspondence between the existence of winning strategies in a fuzzy
game and the standard Tarskian truth.

Theorem

LetL be an MV-chain, M be a safe L-structure, p a formula, v an
M-valuation, and r € L. Then Eloise has a winning strategy for the
(M,L)-Game (g, v, r) iff||ollf, > T
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(Non-)safe structures

Safe structures

The interpretation of 3, V, the truth assignment in fuzzy logics is in

general a partial function. To make it a total function we have to restrict
the class of models in consideration.
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(Non-)safe structures

Safe structures

The interpretation of 3, V, the truth assignment in fuzzy logics is in

general a partial function. To make it a total function we have to restrict
the class of models in consideration.

Definition

Let I' be a predicate language, L an MV-chain, M an L-structure for I'.
We say that:
@ Mis a safe L-structure, if ||<,0||||\',|’U is defined for each ¢ and v.

@ M is a witnessed L-structure, iff for each ¢ and v there are
a,b € M such that ]|(3x)<p||,'\-,|7v = ||g0|]||\'nv[z::a] and

(Replace sup and inf by max and min.)

We restrict interpretation of formulas to safe structures only.
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(Non-)safe structures

Winning strategies

We did not use the notion of a safe structure in our definition of
evaluation game. Is the game interpretation more general?
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(Non-)safe structures

Winning strategies

We did not use the notion of a safe structure in our definition of
evaluation game. Is the game interpretation more general?

Definition

Let L be an MV-chain, M be an L-structure, ¢ a formula, and v an
M-valuation. We define:

WS (¢) =4 {r | Eloise has a winning strategy for the game

G(p, v, N}

WS (¢) =ar {r | Abelard has for any r' > r a winning strategy for the
game G(p, v, r')}.

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009 22/28



(Non-)safe structures

Winning strategies - properties

Lemma

LetL be an MV-chain, M be an L-structure, ¢ a formula, and v an
M-valuation. Then:

Q@ 0ewst
Q1cws
© WST(y) is a lower set

Q WS () is an upper set;

Q WS () UWST(p) =L;

Q WS~ (p) N WS ()| < 1;

@ Forasafe M: WS*(M,L,v,0) N WS~ (M,L,v,¢) = {||¢|lg.,}-

)
)

(¢
(¢
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(Non-)safe structures

Winning strategies - properties

Lemma

Let L be an MV-chain, M be an L-structure, p a formula, and v an

M-valuation. Then:

Q WST(pay)={res|re WSt (p)andsc WS*()}
QO WST(p@vy)={res|reWst(yp)ands c WSt ()},
Q WS (p Vi) = WS () UWST(4);

Q WST(p Ay) = WST () NWST(4);
Q WST (=) ={-r|rewsS (¢)};

O WS*((Vx)p) = N WS (v[x = &, »);

aeM

Q@ WSH((Ix)p) = Clo(agMWSﬂv[x =al,p));

Ondrej Majer (joint work with Petr Cintula) (A{ LoMoReVI 2009
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(Non-)safe structures

Winning strategies and non-safe structures

Example

Let L be the subalgebra of the standard MV-algebra with the domain
[0,1]Nn Q.

Let g be an irrational number grater then % and let g; be a sequence of
rationals descending to Q.

Let M be the L-structure of a predicate language with one unary predicate P,
where the domain of M is the set of natural numbers and Py(/) = a;.
M is not a safe L-structure—the truth value of ¥xP(x) is undefined.
WST(VxP(x)) = [0, q).

The truth value of ¢ = (Vx)P(x) @ (Vx)P(x) is also undefined.
However we know that, WS (¢) = [0, 1] and WS~ () = {1}. Thus
WSH(p) N WS () = {1}.
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(Non-)safe structures

G-tautology

Definition
Let L be an MV-chain and M be an arbitrary L-structure. Then: ¢ is a
G-tautology iff WS () = L for any M-valuation v.

Lemma
Let L be an MV-chain and M be a safe L-structure. Then: ¢ is a
G-tautology iff (M,L) = ¢
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(Non-)safe structures

G-interpretation

Definition

Let L be an MV-chain, M be an arbitrary L-structure and v an
M-valuation. We call the set WS (¢) the G-interpretation of the
formula .
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(Non-)safe structures

Lemma

LetL be an MV-chain, M be an arbitrary L-structure and v an
M-valuation.

Q Glpav)=Gy)® G(¥)
Q Glp®y)=Gly)® G(¥)
Q Glpry) =Glp) N G(Y)

() U G(¥)

Q@ G(3Ex)p =Clo( U )Gv[x:a]SO
aecM
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